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Abstract. The paper is concerned with a numerical procedure available for the analysis of 
voussoir arches, or any other masonry structure, modelled as a discrete system of rigid blocks 
connected by unilateral elastic contact constraints. A convenient way to define the contact 
device which links the blocks, through which a mortar joint could be simulated, is to consider 
a set of elastic links, orthogonal to the contact surface between two adjacent blocks, and an 
additional link,  parallel to the interface, through which the shear forces can be transmitted. 
In accordance with the assumptions of no tensile strength in the mortar joint, only 
compressive forces can be transmitted from one element to another. Reasonable hypotheses 
can be assumed for the link parallel to the contact surface in order to calibrate both the shear 
behaviour and the influence of the friction between the blocks. 
The numerical algorithm, through the opportune use of Moore-Penrose generalized inverse, 
is based on the introduction of suitable distortion terms capable to generate internal 
coactions such as to give back the compatibility in the sign conditions where tensile stresses 
are not admissible. 
According to the Colonnetti’s theorem, the maximum number of imposed linear independent 
terms of distortion - that is the maximum number of the iterations in the procedure - are, at 
most, equal to the degree of statically indeterminacy of the structure.  
Through the results of the numerical procedure it is possible both to define the cracking 
failure pattern, highlighting the actual reacting structure within the apparent one, and to 
evaluate the width of the cracks located in the mortar joints. 
The efficiency and the versatility of the procedure, besides the correctness of the results have 
been confirmed through the comparison with similar numerical analyses and the good 
agreement with experimental tests. 
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1 INTRODUCTION 
 

It is well known that the main problem in the analysis of masonry structures is the 
different compressive and tensile strength that characterizes the material behaviour. Such a 
circumstance makes it impossible to understand which is, in a pre-assigned structural 
configuration subject to any external action ( loads and/or inelastic displacements), the actual 
reacting structure. Such a reacting structure, which is the real unknown of the problem, does 
not necessarily correspond to the apparent one, but depends, from time to time, on the 
external actions. In order to simplify, as much as possible, structural problems involving non-
isoresistant materials, the assumption of no tensile strength for the masonry is appropriate. 
Such an hypothesis, that is equivalent to the statement that no tensile force can be transmitted 
from one portion of the structure to another, although in some case may be unrealistic, can be 
considered a safe assumption. Nevertheless, a no tensile strength assumption can be 
considered almost exactly true if, for instance, we deal with arches or domes built with stone 
blocks assembled dry or with very weak mortar joints. Generally the analysis of structural 
problems involving unilateral constraints, expressed through systems of equations and 
inequalities, requires the use of Q.P. techniques. Otherwise, as an alternative, it is possible to 
obtain the solution by using a step by step procedure according to which the solution relative 
to the standard material ( linear elastic and bilateral) is assumed as starting point and is 
subsequently corrected according to the actual material skills. Such a method has already been 
practiced by Castigliano in 1879. 
The procedure presented in this paper, besides leading to the same results, is also less 
expensive in term of computational costs than those required by Q.P. techniques. Such a 
procedure performs the solution through the introduction of suitable distortion terms capable 
to generate internal coactions such as to give back the compatibility in the sign conditions 
where tensile stresses are not admissible, whose potential has been firstly reported by S. Di 
Pasquale, allowing at the same time a more immediate mechanical interpretation of the 
necessary operations needed to reach the solution. The numerical procedure is based on the 
use of Moore-Penrose generalized inverse  and reduces the problem to the solution of systems 
of linear equations. 
 
 
2 UNILATERAL ELASTIC CONTACT CONSTRAINT 
 

Following a typically eighteenth century idea, let us consider the general problem of a 
masonry structure consisting of rigid blocks (elastically undeformable) linked through elastic 
mortar layers. In such a model the no-tension behaviour of the material is totally supposed 
concentrated in the mortar joint located in between two adjacent blocks. Such a joint can 
therefore be assumed as an unilateral elastic contact constraint. In particular, the mortar joint 
can be idealized, in a Drucker’s way, through an interface device consisting of a set of elastic 
links, orthogonal to the contact surface, capable of transmitting only compressive forces 
between the blocks, and additional links, parallel to the interface, through which the shear 
forces can be transmitted. The behaviour of the orthogonal links is assumed unilateral linear 
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elastic, whereas for the parallel ones further hypotheses can be added in order to specify either 
the shear strength and to calibrate, for instance, the influence of the friction between the 
blocks, or a bilateral rigid behaviour totally capable to prevent the sliding. In practice a 
reasonably low number of orthogonal bars is enough to describe with significant 
expressiveness the behaviour of the joint and to appraise clearly the location ad depth of 
possible cracks. 

 
 

3 GENERAL FORMULATION AND NUMERICAL PROCEDURE 
 

Let’s consider, therefore, the general problem of a masonry structures consisting of n 
three dimensional rigid elements linked through m unilateral elastic contact interfaces. (Fig.1). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1:  General scheme of internal forces and loads acting on the element 
 
 
Assuming the structure subjected to the action of external loads and inelastic displacements 
represented respectively by the vectors ∈F ℜ and n6 ∈1Ω ℜ  (where the value k depends on 
the number of contact constraints chosen to characterize the interface device and defines the 
degree of statically indeterminacy of the structure), the problem can be expressed through a 
system of equilibrium and elastic-kinematical equations, with some variables, those which 
correspond to the unilateral links in the interface model, subjected to inequalities which 
express sign conditions: 
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In the previous form (1) ∈A ℜ is the geometrical configuration matrix; kmn6 × ∈X ℜ  
indicates the unknown vector of internal forces located on the interface joints; the components 

km
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of the ℜ  represents the unknown vector of displacement and rotation components of the 
centroids of the elements; 

x ∈ n6

∈K ℜ  is the diagonal stiffness matrix of the contact 
constraints; 

kmkm×

∈1Ω ℜ  is the vector of possible external inelastic displacements; km ∈2Ω ℜ  
indicates the unknown vector whose components are internal distorsions which need for 
obtaining a solution capable of satisfying both the equilibrium equations, while respecting the 
sign conditions, and the elastic-kinematical compatibility of the actual reacting structure. On 
this subject, it is convenient to distinguish, within the vector 

km

2Ω , two types of entities, 
assuming for the former, related to the equilibrium aspects, the notation *

2Ω  and for the latter, 
related to the compatibility ones, the notation **

2Ω . 
Of course the system of equations (1), subject to the first sign conditions, could also have no 
solution; in such a case it means that the structure cannot be equilibrated under the given 
system of the external actions. In this case there is no vector ∈X ℜ which satisfies the 6n 
equations and the km inequalities simultaneously. 

km

However let us suppose that the system (1) in consistent. In such a case the general solution 
, that is able to satisfy the equilibrium problem and the first of the two 

inequalities, can be obtained assuming, as initial solution , that is relative to the bilateral 
linear elastic behaviour of the contact constraints: 
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The initial vector  can be suitably arranged in two sub-vectors: , whose components 
do not satisfy the sign conditions, and  whose components satisfy the sign conditions: 
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Note that is ℜ , where t is the number of the contact constraints that, in the initial 
solution, come out stretched. In any case t can be greater than the degree of statically 
indeterminacy of the structure. Such an initial solution is then modified through the vector: 

∈t0X tm
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which, added to , satisfies the first of the (1) while respecting the sign conditions. X 0

The properties of the orthogonal projection matrix C I  and the 
appropriate choice of the unknown vector 

K A AK A AT T= − − − −( ( )1 1 1 )
*

2Ω , are the keys to understanding the meaning of 
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the procedure. In its turn also the matrix C can be suitably partitioned in four sub-matrices 
, C , , : Ct 1 C T

1 Cc
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where the sub-matrix [ ]∈= 1tt CCC ℜ  has to be chosen as a full row rank matrix. On 
this subject the elimination of any linearly dependent row of the matrix 

kmt×

Ct , plays a key role in 
ascertaining the number of strictly necessary internal distorsions to give back the 
compatibility in the sign conditions. Computing the Moore-Penrose generalized inverse of 
Ct , it is easily possible to evaluate the vector *

2Ω : 
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1
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If the solution of the unilateral problem exists, the vector solution which satisfies 
simultaneously the equilibrium equations and the first of the two inequalities (1), assumes the 
form : 
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Since the final vector X is different from the first elastic vector solution , it cannot satisfy, 
of course, the kinematical compatibility expressed through the second set of equations in the 
system (1). 

X 0

A very easy way to build up again such a compatibility is to consider the second set of 
equations in the system (1) in the form A x KXT + = 0 . Partitioning both the general matrix 

in two sub-matrices , , and the constitutive matrix AT At
T Ac

T K  in , , we obtain the 
solution: 
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which represents the vector of the displacements of the centroids of the elements only due to 
the actual reacting structure. Finally the vector **

2Ω can be determined, so that the 
compatibility of the second of the (1) is already reached : xAT

tt2 =**Ω .             
The components of the vector 02 ≠**Ω  give the position and width of the cracks located in 
the mortar joints: 
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Figure 2: Behaviour of strip - joint between two rigid elements under the assumption of no tensile strength.  

 
The procedure can be illustrated with an elementary example shown in figure 2. Between two 
rigid elements is supposed the presence of a strip - joint made with no-tension material 
characterized by an elastic-cracking behaviour. 
The figure 2a gives an idea of the contact device consisting of a set of elastic links and shows 
the location of the external load. The case b) corresponds to the linear elastic solution, 
whereas the case c) shows the exact solution relative to the unilateral elastic contact 
constraint. In figure 2d the joint behaviour becomes clearer through the enlargement of the 
deformed configuration of the structure. In particular the crack width in the joint can be 
highlighted 
 
 
4 ANALYSIS OF VOUSSOIR ARCHES 
 
The masonry arch is widely known as a conventionally monodimentional structure consisting 
of stone or brick elements assembled dry or with mortar joints. Since the difference between 
the mechanical parameters of stone and mortar deformability is so substantial, the latter case 
is suitable to be analyzed using the proposed model of rigid blocks linked through elastic 
mortar layers. Even if three contact constraints would be strictly sufficient (Fig.3a), an 
interface device, consisting of four orthogonal bars (two of which located at the edges of 
block and the other two in the middle third position) and a parallel one, describes the 
behaviour of joint better (Fig.3b). The general behaviour of the structure depends on the ratio 
between the stiffness value assumed for the contact constraints which are orthogonal to the 
interface surface, and the stiffness value of the contact constraint parallel to the interface 
surface. 

 6



Moreover in addition to the no-tension behaviour of the orthogonal contact constraints, we 
can assume that a limited strength exists also for the shear forces. It is convenient to assume 
that the appropriate limit value of the tangential forces depends on the compressive action 
transmitted between the blocks. Nonetheless, because of it is very improbable that any sliding 
of one block upon another occurs under statical load conditions, the actual behaviour of the 
arch is marked by the presence of opening hinges. The results obtained allow us both to locate 
the actual line of thrust and the cracked joints. In addition the corresponding width and depth 
of the crack, measured in its radial direction, can be also evaluated. 
 

 
 
 

Figure 3 - Two feasible interface devices between adjacent blocks and reading order of the interactions acting on 
the block corresponding to the case b). 

 
 

The numerical procedure presented above can be also applied in the limit analysis of masonry 
arches. In such a case a very simple model for the contact device can be used assuming rigid 
behaviour for the blocks and a rigid - cracking behaviour for the interfaces between the 
elements. According to the general hypotheses pointed out by  J. Heyman three contact 
constraints, as shown in figure 3a, are strictly sufficient to deal with the problem.  
Also in this case the practical application of the procedure consists in the analysis of masonry 
arches subject to the combined action of loads and external displacements. The safe theorem 
of plastic theory states that, to demonstrate that the arch is stable, a thrust line must be 
constructed in equilibrium with all the loads acting on the arch, and lying wholly within the 
thickness. With this assumption the equations that solve the problems are : 
 
         FAX =                               (10) 
 
                                       subject to        0X ≤  
                                                                       (11) ∆≥xAT
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where A∈ℜ ; X∈ℜ , x∈ℜ and m3n3 × m3 n3 ∆ ∈ℜ . In this case n represents the number of the 
elements and m the number of the interfaces. Obviously, since we are dealing with rigid 
systems, the static and the kinematical problems are independent and should therefore 
discussed separately; however, since the matrices of the equilibrium and compatibility are one 
the transpose of the other, it easy, when discussing one of the problems, to draw certain 
conclusions also regarding the other. 

m3

The equilibrium problem is statically overdetermined. If the contact constraints were all 
bilateral, this problem would have equilibrated solutions; it would therefore possible to 
choose one among these in order to satisfy, at the most, three independent and compatible 
linearly conditions. If instead the contact constraints are unilateral, it is possible that there is 
no vector X∈ℜ which satisfies equations and inequalities simultaneously. Any solution of 
the problem may be written in the form 

n3m3 −∞

m3
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where is the Moore-Penrose inverse or generalized inverse of  A . 1TT AAA −)(
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where M is an arbitrary vector of ℜ ,and C is a positive semidefinite matrix whose rank is 

. From the first vector  a sub - vector  is taken out whose 
components do not satisfy the sign condition. Then the sub - matrix  of  C is considered and 
the unknown sub - vector  is evaluated by the form : 

m3
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if the solution exists, after formulating the vector M, from the values of  it is possible to 
evaluate the final vector X which satisfies the equations and inequalities of ( 11 ). 

Mt

 
 
5 NUMERICAL EXAMPLES AND EXPERIMENTAL TESTS 
 
The efficiency and versatility of the numerical procedure has been verified through 
experimental trials performed on simple models of voussoir arches. Such a models have been 
built with the aim to define effective physical samples able to point out the correspondence 
between the rigorous hypotheses of no-tension behaviour in the contact interfaces chosen for 
the numerical procedure. On this subject, hard wood has been used in the manufacture of 
voussoirs and two rubber strips, simply fitted on the plane of the interface whereas fixed on 
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each adjacent block, can effectively simulate the physical behaviour of the elastic-cracking 
joints. Width and depth of cracks are marked with opportune signals during the experimental 
tests (Fig.5b). The correspondence between the numerical solution and the related 
experimental results is totally satisfactory in terms of actual reacting structure and failure 
pattern (Fig. 6-7). 
 
 

   
 
Figure 4: Incomplete circular arch subject to self-weight and single point load. Actual position of the thrust line, 

deformed shape and cracking pattern 
 
 

         
 

Figure 5: Rubber strips between two adjacent blocks. Width and depth of cracks are marked with opportune 
signals during the experimental tests. 

 

 
Figure 6 – Experimental test. Location and width of cracks. 
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Figure 7 - Scheme of the failure pattern and actual  line of thrust. 
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